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Introduction  29 

The supporting information presented here provides additional details on the Linear Inverse 30 

Model (LIM) and its validation using the CESM2-LE as a perfect-model testbed, 31 

construction of the Observational Large Ensemble (OBS-LE), estimation of the observed 32 

forced response and internal variability, and trend metrics and statistical analyses. It also 33 

includes the supporting figures referenced in the main text. 34 

 35 

Text S1. Linear Inverse Model and Construction of the OBS-LE 36 

 37 

The linear inverse model (LIM) approximates the evolution of a climate anomaly state 38 

vector as a linear dynamical system driven by stochastic forcing (Hasselmann, 1988; 39 

Penland & Sardeshmukh, 1995):   40 

         41 

 

                                     

d𝐱
d𝑡 = 𝐋𝐱 + 𝛏 

                                            (1) 

   

where x(t) is the climate state vector, L is the linear dynamical operator governing the 42 

deterministic evolution of the system, and 𝛏(𝑡)	represents white-noise stochastic forcing 43 

(with spatial coherence). This formulation assumes a separation between relatively slow, 44 

approximately linear climate dynamics and faster and nonlinear processes that can be 45 

represented statistically as stochastic forcing (Capotondi et al., 2022a; Zhao et al., 2021).  46 

 47 

The linear operator L is estimated empirically from the lagged covariance statistics of the 48 

state vector: 49 

 50 

 𝐋 = 𝜏!" ln[𝐂(𝜏)𝐂(0)!"]                                             (2) 

   

where 𝐂(0) = 〈𝐱(t)𝐱T(t)〉 and 𝐂(τ) = 〈𝐱(t+τ)𝐱T(t)〉 denote the zero-lag and lag-τ covariance 51 

matrices, respectively. Here 𝜏 is the training lag. In this study, we use a lag of 3 months to 52 

estimate the LIM operator. For the resulting system to be dynamically stable, all 53 

eigenvalues of L must have negative real parts, corresponding to modes that decay 54 
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asymptotically with time. Because these modes need not be orthogonal, their interaction 55 

can produce transient growth over finite intervals, which can represent transient growth 56 

associated with phenomena such as ENSO. 57 

 58 

Once L is known, the covariance of the stochastic forcing, Q = 〈𝛏(t)𝛏T(t)〉, is constrained 59 

by requiring the system statistics to remain stationary – a balance condition known as the 60 

fluctuation–dissipation relation (Penland & Matrosova, 1994): 61 

 62 

 𝐋𝐂(0) + 𝐂(0)𝐋# + 𝐐 = 0                                             (3) 

   

State vector construction. We describe the climate state using monthly SST from the 63 

Extended Reconstructed SST Version 5 (ERSSTv5; Huang et al., 2017) and sea surface 64 

height (SSH) from the Ocean Reanalysis System 5 (ORAS5; Zuo et al., 2019) over the 65 

global domain from 70°S to 70°N, combining the two fields jointly to better represent 66 

coupled upper-ocean variability (Capotondi et al., 2022; Rebert et al., 1985; Zhang et al., 67 

2024). We also tested a pan-Pacific domain (70°S–70°N, 120°E–70°W) and obtained 68 

similar results. Before constructing the LIM, we remove the mean seasonal cycle from the 69 

SST and SSH fields, and then remove their seasonally varying externally forced 70 

components as described in Text S2. We also apply a 3-month running mean to the residual 71 

anomalies to reduce high-frequency variability following Newman et al. (2011).  72 

We perform separate empirical orthogonal function (EOF) analyses of the resulting internal 73 

SST and SSH anomalies over 70°S–70°N during 1960–2022 (our choice of start year is 74 

dictated by the availability of ORAS5 SSH). The LIM is constructed jointly in a reduced 75 

EOF space, retaining the leading 20 SST (ERSSTv5) PCs and 10 SSH (ORAS5) PCs, 76 

which explain 80% of the SST variance and 66% of the SSH variance. We also apply the 77 

same LIM methodology to each member of the 50-member CESM2-LE with smoothed 78 

biomass burning forcing (Rodgers et al. 2021). Across the 50 CESM2-LE members, the 20 79 

retained SST EOFs explain approximately 84% of the variance (range: 82%–86%), while 80 

the 10 retained SSH EOFs explain approximately 70% (range: 66%–75%), comparable to 81 

that in observations.  82 
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Before combining the SST and SSH PCs into a single state vector, the PCs associated with 83 

each field are scaled by the square root of the sum of the retained eigenvalues for that field. 84 

This scaling prevents either SST or SSH from dominating the joint covariance structure 85 

solely because of differences in their overall variance. We also examined alternative 86 

combinations of SST/SSH PCs – 22/10, 18/10, 16/10, 22/12, 20/12, 18/12, 16/12, 22/14, 87 

20/14, 18/14, 16/14, 22/16, 20/16, 18/16, and 16/16 – and obtained qualitatively similar 88 

results (not shown). 89 

Numerical integration. Synthetic realizations are generated by integrating the stationary 90 

LIM forward in time with stochastic forcing. Following the two-step stochastic integration 91 

scheme of Penland & Matrosova (1994),  an intermediate state is first advanced according 92 

to: 93 

 𝐲(𝑡 + Δ𝑡) = [𝐈 + 𝐋Δ𝑡]𝐲(𝑡) + √Δ𝑡 𝐒𝐫(𝑡)                          (4) 

and then averaging the updated and previous intermediate states to obtain the state vector 94 

at the half time step: 95 

 

                                     
𝐱 ;𝑡 +

Δ𝑡
2 = =

𝐲(𝑡 + Δ𝑡) + 𝐲(𝑡)
2  

                                     (5) 

Here, 𝐈 is the identity matrix, Δ𝑡 = 16	h	is the integration time step (Xu et al., 2022), and 96 

𝐫(𝑡) is a vector of independent random draws from a standard Gaussian distribution with 97 

zero mean and unit variance. The stochastic forcing amplitude matrix is given by 	98 

𝐒 = 𝐕𝚲"/%,	where 𝐕 and	𝚲 contain the eigenvectors and corresponding eigenvalues of the 99 

stochastic forcing covariance matrix 𝐐.  100 

Generating the synthetic ensemble. After estimating the LIM operator 𝐋	and stochastic 101 

forcing covariance 𝐐 , we integrate the stochastic system forward continuously. The 102 

integration begins with a 2,000-year spin-up, which is discarded to minimize sensitivity to 103 

the initial condition. The subsequent integration is divided into nonoverlapping 42-year 104 

realizations corresponding to the length of the study period (1979–2020). Each realization 105 
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is transformed from the reduced EOF space back into physical space to produce a synthetic 106 

evolution of internally generated SST variability.  107 

For the OBS-LE, we generate 50,000 synthetic internal-variability realizations constructed 108 

with the LIM and then add back in the forced SST evolution provided by the Forced 109 

Statistical Method Intercomparison Project (ForceSMIP; Wills et al. 2026). Thus, all OBS-110 

LE members share the same estimated externally forced response but contain independent 111 

realizations of internal variability. The large ensemble size provides robust sampling of the 112 

internal-variability distribution, including its tails, which is important for the percentile-113 

based comparisons presented in Section 3.  114 

Text S2. Observed Forced Response and Internal Variability 115 

The observed SST record contains contributions from both externally forced climate 116 

change and internal variability (see Figure S1 for the total, forced and internal components 117 

of ERSSTv5 linear trends computed over the period 1979–2020). For the forced 118 

component, we use a state-of-the-art estimate provided by ForceSMIP (Wills et al. 2026; 119 

we note that ERSSTv5 was the only SST dataset considered in ForceSMIP, dictating our 120 

choice for this study). We obtain the internal component by subtracting the ForceSMIP 121 

estimate from ERSSTv5 at each location and time. This internal component is used in the 122 

LIM for constructing the OBS-LE.  123 

ForceSMIP includes a total of 30 statistical and machine learning methods, each of which 124 

was evaluated in a common framework based on model LEs, for which the forced response 125 

is known. Specifically, the skill of each method in isolating the forced response in single 126 

realizations of model LEs was assessed across a wide range of metrics including multi-127 

decadal trends. The skillful methods were then applied to ERSSTv5, thereby providing 128 

estimates of the observed forced response. Here, we use the average across the 27 methods 129 

that were skillful for SST trends as our best estimate of observed forced response (see Fig. 130 

11 in Wills et al. 2026).   131 

Because an equivalent ForceSMIP estimate is not available for SSH, we estimate the forced 132 

SSH component from the SSH reconstruction associated with the least-damped mode 133 

(LDM) of the joint SST–SSH state (Alexander et al., 2022; Newman, 2013; Xu et al., 2022) 134 
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and define internal SSH as the residual after removing this component from ORAS5. The 135 

similarity between the LDM and ForceSMIP estimates of the forced component of 136 

ERSSTv5 (Figure S5) lends confidence to our use of the LDM for the forced component 137 

of SSH; however, this should be revisited in future studies once ForceSMIP estimates for 138 

SSH become available.  139 

Text S3. Trend Metrics and Statistical Analysis 140 

We focus on annual-mean SST trends over 1979–2020 to facilitate direct comparison with 141 

Wills et al. (2022). Repeating the analysis for 1980–2022 yields qualitatively similar results 142 

(note that the ForceSMIP data is not available past 2022). All trends are computed based 143 

on linear least-squares regression and shown as the change in SST (°C) over the analysis 144 

period. 145 

We evaluate two regional metrics of tropical Pacific SST trends following the definitions 146 

in Wills et al. (2022): 1) the equatorial Pacific zonal SST gradient index, defined as the 147 

difference between SST averaged over the western equatorial Pacific (5°S–5°N, 110°E–148 

180°) and the eastern equatorial Pacific (5°S–5°N, 180°–80°W); and 2) the Indo-Pacific 149 

Warm Pool (IPWP)-to-tropical-mean warming ratio, defined as the SST trend averaged 150 

over the IPWP (30°S–30°N, 50°E–160°W) divided by the SST trend averaged over the 151 

entire tropical domain (30°S–30°N).  152 

We also evaluate the spatial agreement between simulated and observed SST trend patterns 153 

using area-weighted pattern correlation and root-mean-square error (RMSE). These 154 

metrics are calculated over the global (70°S–70°N), pan-Pacific (70°S–70°N, 120°E–155 

70°W), and tropical Pacific (30°S–30°N, 120°E–70°W) domains. The domain-mean is 156 

removed before computing pattern correlations. 157 

For visualization, probability density functions are estimated using kernel density 158 

estimation (KDE) with MATLAB’s default Gaussian kernel and automatic bandwidth 159 

selection. Percentiles and percentile ranks are calculated empirically from the underlying 160 

samples rather than from the fitted KDEs. 161 
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Text S4. LIM validation and CESM2 Comparison 162 

We first evaluate the LIM using the 50-member CESM2-LE with smoothed biomass 163 

burning (Rodgers et al. 2021) as a perfect-model testbed. Each of the 50 CESM2-LE 164 

members is treated in turn as a surrogate “observation”, and the LIM trained on the internal 165 

components of SST and SSH in that member during 1960-2022 is used to generate 50 166 

synthetic realizations of internal variability. The internal components of SST and SSH are 167 

computed by subtracting the 50-member CESM2-LE ensemble mean at each time step and 168 

grid box. For each surrogate, the resulting distribution of synthetic 1979–2020 SST trends 169 

is compared with the corresponding distribution across the full 50-member CESM2-LE. 170 

We assess the agreement between these distributions using the equatorial Pacific zonal SST 171 

gradient index and IPWP-to-tropical-mean warming ratio index defined in Text S3. This 172 

experiment tests whether a LIM trained on a single realization can reproduce the expected 173 

spread of multidecadal SST trends arising from internal variability (Figure S6).  174 

We further evaluate whether the LIM reproduces the spatial amplitude of SST variability 175 

in CESM2-LE by comparing spatial maps of the standard deviation of annual-mean SST 176 

anomalies and 1979–2020 SST trends generated by the LIM with those obtained directly 177 

from CESM2-LE (Figure S7). These complementary tests assess the spatial structure and 178 

amplitude of internal SST variability on interannual and multidecadal timescales, 179 

respectively. Overall, the LIM trained on each member of the CESM2-LE reproduces the 180 

amplitude of SST trend variability in the original 50-member CESM2-LE to within 181 

approximately 10–20% across most Indo-Pacific locations (Figure S7). We also evaluate 182 

the realism of CESM2 by comparing the standard deviation of internal SST trends in the 183 

OBS-LE with those in the CESM2-LE-LIM ensemble. The amplitude of 1979–2020 184 

internal SST trend variability is generally somewhat smaller in the OBS-LE than in the 185 

CESM2-LE-based LIM realizations, with OBS-LE-to-CESM2-LIM standard-deviation 186 

ratios near 0.8 across much of the Pacific (Figure S8). However, these differences are 187 

spatially heterogeneous, with ratios of approximately 0.4 in the western equatorial Pacific 188 

and up to about 1.4 over parts of the Southern Ocean and northeastern subtropical Pacific. 189 

 190 
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 191 
 192 
Figure S1. Decomposition of observed SST trends (°C) over 1979–2020 into forced and 193 
internal components. (a) Total SST trend from ERSSTv5, (b) externally forced component 194 
estimated as the mean across the 27 skillful ForceSMIP methods, and (c) internally 195 
generated component calculated as the difference between the ERSSTv5 total trend and the 196 
ForceSMIP estimate.  197 
  198 
 199 
 200 
 201 
 202 
 203 
 204 
 205 
 206 
 207 
 208 
 209 
 210 
 211 
 212 
 213 
 214 
 215 
 216 
 217 
 218 
 219 
 220 
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 221 

 222 
 223 
Figure S2. Leading EOF patterns of internal SST trends over 1979–2020 calculated across 224 
LIM realizations. (a, c) EOF1 and (b, d) EOF2 derived from the CESM2-LE (top) and the 225 
OBS-LE (bottom). The fraction of variance explained by each mode is shown in the 226 
corresponding panel title. The EOF analysis is performed over the pan-Pacific domain 227 
(70°S–70°N, 120°E–70°W). The displayed global patterns are obtained by regressing SST 228 
trends onto the standardized principal components (PCs).  229 
 230 
 231 
 232 
 233 
 234 
 235 
 236 
 237 
 238 
 239 
 240 
 241 
 242 
 243 
 244 
 245 
 246 
 247 
 248 
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 249 
 250 
Figure S3. Plausible range of observed SST trends (°C) over 1979–2020 arising from 251 
internal variability. (a, b) Selected OBS-LE members that lie at approximately the 95th and 252 
5th percentiles of the full (50,000 member) OBS-LE distribution based on their scores for 253 
the leading principal component of pan-Pacific internal SST trends, whose spatial pattern 254 
resembles the Interdecadal Pacific Variability pattern. (c, d) As in (a, b) but for the internal 255 
trend components, obtained by subtracting the observed ForceSMIP forced trend from the 256 
total trend. (e, f) Observed ForceSMIP forced trend.  257 
 258 
 259 
 260 
 261 
 262 
 263 
 264 
 265 
 266 
 267 
 268 
 269 
 270 
 271 
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 272 
 273 
Figure S4. Decomposition of SST trends (°C) over 1979–2020 for selected CESM2-LE 274 
members into their forced and internal components. (a) The externally forced component, 275 
defined as the 50-member ensemble-mean SST trend. (b, c) Total SST trends in members 276 
33 and 25, corresponding to the 95th- and 5th-percentiles of the leading principal 277 
component of internal SST trends, whose spatial pattern resembles Interdecadal Pacific 278 
Variability (IPV). (d, e) Internal component of SST trends in members 33 and 25, 279 
calculated by subtracting the forced component from the total trends.  280 
 281 
 282 
 283 
 284 
 285 
 286 
 287 
 288 
 289 
 290 
 291 
 292 
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 293 
 294 
Figure S5. Forced component of observed SST trends (°C) over 1979–2020 estimated 295 
using (a) the mean across 27 skillful ForceSMIP methods and (b) the LDM of a LIM 296 
fitted to observed SST and SSH. 297 
 298 
 299 
 300 
 301 
 302 
 303 
 304 
 305 
 306 
 307 
 308 
 309 
 310 
 311 
 312 
 313 
 314 
 315 
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 316 
Figure S6. Perfect-model evaluation of the LIM using the CESM2-LE. Kernel density 317 
estimates of 1979–2020 trends in (a) the equatorial Pacific zonal SST-gradient index and 318 
(b) the ratio of IPWP to tropical-mean SST warming, comparing the 50-member CESM2-319 
LE distribution (gray) with the distribution of 2,500 synthetic realizations (CESM2-LE-320 
LIM; blue), obtained by training a LIM on each of the 50 CESM2-LE members and 321 
generating 50 realizations from each. Thin blue lines show the kernel density estimate of 322 
the 50 realizations generated from each member's LIM, and blue shading indicates the 323 
pointwise 5th–95th percentile range across these 50 member-specific density estimates. 324 
Dotted vertical lines mark the empirical 5th and 95th percentiles of the CESM2-LE (gray) 325 
and of all 2,500 CESM2-LE-LIM realizations (blue), and the dashed gray vertical line 326 
indicates the CESM2-LE ensemble-mean (forced) response. This comparison tests whether 327 
a LIM trained on a single ensemble member can reproduce the spread of each metric across 328 
the full ensemble. 329 
 330 
 331 
 332 
 333 
 334 
 335 
 336 
 337 
 338 
 339 
 340 
 341 
 342 
 343 
 344 
 345 
 346 
 347 
 348 
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 349 
 350 
Figure S7. Standard deviation of internal SST variability from (a, b) the 50-member 351 
CESM2-LE and (c, d) CESM2-LE-LIM, and (e, f) their ratio (CESM2-LE-LIM / CESM2-352 
LE). CESM2-LE internal variability is defined relative to the ensemble mean. CESM2-LE-353 
LIM comprises 50 synthetic realizations from each of 50 LIMs trained separately on 354 
individual CESM2-LE members (2,500 realizations in total). Left panels (a, c, e) show 355 
interannual variability, and right panels (b, d, f) show variability in 1979–2020 SST trends. 356 
Stippling in (e, f) indicates regions where the CESM2-LE-LIM and CESM2-LE variances 357 
differ significantly at the 5% level. Significance is assessed using a two-sided F-test for 358 
interannual variability and a member-aware bootstrap test with 1,000 resamples for trend 359 
variability. 360 
 361 
 362 
 363 
 364 
 365 
 366 
 367 
 368 
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 369 

 370 
 371 
Figure S8. Comparison of the amplitude of internal SST variability between CESM2-LE-372 
LIM and OBS-LE. SST standard deviation in (a, b) CESM2-LE-LIM, (c, d) OBS-LE and 373 
(e, f) their ratio (OBS-LE / CESM2-LE-LIM). Left panels (a, c, e) show interannual 374 
variability, and right panels (b, d, f) show variability in 1979–2020 SST trends. Stippling 375 
in (e, f) indicates regions where the OBS-LE and CESM2-LE-LIM variances differ 376 
significantly at the 5% level. Significance is assessed using a two-sided F-test for 377 
interannual variability and a member-aware bootstrap test with 1,000 resamples for trend 378 
variability. 379 
 380 
 381 
 382 
 383 
 384 
 385 
 386 
 387 
 388 
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 389 

 390 
Figure S9. Distributions of (a) pattern correlation and (b) RMSE between the 1979–2020 391 
SST trends from individual members of each model LE and ERSSTv5 over the tropical 392 
Pacific domain (30°S–30°N, 120°E–70°W; colored dots). Short horizontal black segments 393 
within each violin indicate the 5th, 50th, and 95th percentiles of the corresponding 394 
distribution. Filled black diamonds indicate the metric calculated between each model’s 395 
ensemble-mean trend map and ERSSTv5, while open red circles indicate the metric 396 
calculated between each model’s ensemble-mean trend map and ForceSMIP. The OBS-LE 397 
distribution is shown at the far right, with black and blue violin outlines indicating 398 
distributions calculated between ERSSTv5 and the first 100 and all 50,000 OBS-LE 399 
realizations, respectively; the black diamond indicates the metric calculated between 400 
ForceSMIP and ERSSTv5. The vertical extent of the light blue shading spans the 5th–95th 401 
percentile range calculated from the full OBS-LE. 402 

 403 

 404 
 405 

 406 
 407 

 408 
 409 
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 410 
Figure S10. As in Fig. S9, but for metrics calculated over the global domain (70°S–70°N). 411 
 412 
 413 
 414 
 415 
 416 
 417 
 418 
 419 
 420 
 421 
 422 
  423 
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 424 
Figure S11. As in Fig. S9 but based on an OBS-LE generated using a LIM trained over the 425 
pan-Pacific domain (70°S–70°N, 120°E–70°W). Metrics are also computed over the pan-426 
Pacific domain. 427 

 428 

 429 
 430 

 431 
 432 

 433 
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 434 
Figure S12. As in Fig. S9 but based on trends over 1980–2022 and with an OBS-LE 435 
generated using a LIM trained over 1980–2022. Metrics are computed over the pan-Pacific 436 
domain (70°S–70°N, 120°E–70°W). 437 
 438 
 439 
 440 
 441 
  442 



 
 

20 
 

 443 
 444 
Figure S13. Distributions of (a) pattern correlation and (b) RMSE between the internal 445 
component of 1979–2020 SST trends from individual members of each model LE and from 446 
the internal component of ERSSTv5 over the pan-Pacific domain (70°S–70°N, 120°E–447 
70°W; colored dots). Short horizontal black segments within each violin indicate the 5th, 448 
50th, and 95th percentiles of the corresponding distribution. Filled black diamonds indicate 449 
the metric calculated between each model’s ensemble-mean trend map and ForceSMIP. 450 
The OBS-LE distribution is shown at the far right, with black and blue violin outlines 451 
indicating distributions calculated between the internal component of ERSSTv5 and the 452 
internal components of the first 100 and all 50,000 OBS-LE realizations, respectively; the 453 
black diamond indicates the metric calculated between ForceSMIP and ERSSTv5. The 454 
vertical extent of the light blue shading spans the 5th–95th percentile range calculated from 455 
the full OBS-LE. 456 
 457 
 458 
  459 
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 460 
 461 
Figure S14. Pattern correlations of running 41-year SST trends over the pan-Pacific 462 
domain (70°S–70°N, 120°E–70°W) computed between the following component pairs: 463 
total ERSSTv5 and internal ERSSTv5 (black curve); total ERSSTv5 and forced ERSSTv5 464 
(blue curve); and internal ERSSTv5 and forced ERSSTv5 (red curve). The forced 465 
component of ERSSTv5 is given by the mean across the 27 skillful ForceSMIP methods, 466 
and the internal component of ERSSTv5 is calculated as the difference between the 467 
ERSSTv5 total trend and the ForceSMIP estimate.  468 
  469 
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